1. Introduction. In (12), Montgomery and Samelson conjectured that an MS-fibering of polyhedra with total space an ^-sphere must have a homology sphere as its singular set. Mahowald (11) has shown that, indeed, an orientable fibering with n S 4 must have a Z 2 -cohomology sphere as its singular set, while Conner and Dyer (4) have shown this for n arbitrary provided the fiber itself is a Z 2 -cohomology sphere. We show that if the singular set is tame, then it is a Z-homology sphere if the fiber is also one. This result together with those of Stallings (15), Gluck (7), and Newman and Connell (13) are applied in the case where the singular sets are locally flat and tame. It is shown (Theorem 5.2) that MS-fiberings of spheres on spheres, with closed connected manifold fibers and singular sets, are topologically just suspensions of (Hopf) sphere bundles. In a subsequent publication, the case where the singular sets are finite shall be considered. The reader is invited to consult (3) and (18) in this case.
(ii) there are deformation retractions, r/ a) and r" (a> It is apparent that a spine a of /3 is necessarily unique up to homotopy equivalence. Moreover, the deformation retractions for a must actually be strong ones since both X(/3) and F(/3) are absolute neighbourhood retracts (ANRs) (10) .
Browder (1) 
has recently proved that if a = [£*,/(«), Y (a), F(a)] is a fibering in which Y(a)
and F(a) are connected polyhedrons, then F(a) has the homotopy type of a 1-, 3-or 7-sphere. Furthermore, if a were a spine of an MS-fibering of manifolds /3, the results cited in (13) on the topological Poincaré conjecture in dim ^ 5 imply that F (a) is either a 1-or 7-sphere or a homotopy 3-sphere.
We say that a spine a of a given MS-fibering /3 is a Hopf spine if
a= [S n ,f(a),S^F(a)l
From the above comments it is clear that a Hopf spine will always have a sphere for fiber if the Poincaré conjecture is valid in dim 3. Furthermore, (n, p) = (3, 2), (7, 4) or (15, 8) , and in the (3, 2) case, the spine a, viewed as a fiber bundle with group the space of self-homeomorphisms of S 1 , is actually bundle equivalent to the Hopf map h: S s -> 5 2 . A submanifold M n of N v is locally flat in N p if for each point x Ç M n there is a containing open set U and a homeomorphism h: (U, U C\ M) -> (i^, i^w) onto euclidean spaces. In the smooth category, all submanifolds are locally flat in their containing manifolds. However, this is not true in the topological category.
A subset T of a polyhedron P is tame in P if there is a self-homeomorphism of P which carries T onto a subpolyhedron of P. If P is the standard ^-sphere, this notion agrees w T ith that of Brown (2) . By an MS-fibering of polyhedra we mean a tuple as in the definition of an MS-fibering of manifolds except that condition (iii) is replaced by (in)' X(f$), F(/3), and F{$) are all connected finite polyhedra of positive dimension.
It is not required that A(f$) and B(fi) be polyhedra or subpolyhedra of X(P) and F(/3) nor is it necessary that they be connected.
We 
is exact.
The proof follows from the relative Gysin sequence (9) and excision. Note that since the spaces (F, U) and (X,f~l(U))
will always be ANRs, we may replace the singular groups of the above lemma with the corresponding Cech groups (5) .
Suppose that (X, A) is a compact JT 2 pair. Define
for all q ^ 0 and any abelian group G, where 2$ (A ) is the directed set of open neighbourhoods of A. This isomorphism defines the gth Cech cohomology group of X -A with compact supports. The groups on the right-hand side are the usual Cech groups, but by the remark above we may suppose that they are singular when necessary. This lemma (once established) together with Lemma 3.2 and the fact that direct limit of exact sequences is exact (see, for example, 6) will yield Proposition 3.1.
Proof. Without loss of generality, we may suppose that B(fS) is connected. Since B is tame in F, there is a homeomorphism h of F -B onto Y -B*, where B* is a subpolyhedron in some triangulation of F. We may suppose that this triangulation (K, L) is "full" in the sense that any simplex of K having all its vertices in L is itself in L.
Let N(r) denote the subcomplex of K^r ) none of whose vertices are contained in L (r) . N(r) and L (r) are full in K {r \ and L (r) is the largest subcomplex of i£ (r) disjoint from N(r). Therefore, the carrier \N(r)\ will be a strong deformation retract of 
the proof is complete.
The next proposition is closely related to a result of Conner and Dyer (4). PROPOSITION 
If p is an MS-fibering of polyhedrons with both F (ft) and X(ft) G-cohomology spheres co-orientable over G, afield, and with B(ft) tame in Y(/3), then B(ft) is a G-cohomology sphere.
In (4), no tameless condition on the singular set is assumed and the result is for Z 2 -cohomology only. The central point of their argument is based on the existence of a Gysin sequence for the associated fibering ft. The proof of Proposition 3.4 above, based on ideas in (4, Theorem 2.1), requires untwisted coefficients in a field. This explains why we require the orientability condition of simple action of iri(Y(ft)) on H*(F(/3); G). Proposition 3.1 above provides the necessary Gysin sequence for the proof of Proposition 3.4. For details, the reader is referred to (4) .
We now prove the tame form of the MS-conjecture. THEOREM 
If $ is an orientable MS-fibering of polyhedrons and both X(ft) and F($) are Z-homology spheres with B(ft) tame in Y (ft), then B(fi) is a Z-homology sphere.
Proof. It is immediate that a Z-homology sphere is a mod p cohomology sphere for every choice of a prime p. Since ir\ ( Y (ft) ) acts simply on H*(F(P) ; Z p ) for every prime p, Proposition 3.4 applies to yield that B (/3) is a Zp-cohomology sphere for every prime p. Now,
H«(B(P);Z P ) = Hom(H tt (B(ft);Z);Z p ),
where H q (B(ft)\Z) is a finitely generated abelian group so that the fundamental theorem yields 
The existence of Hopf spines.
In general, the existence or non-existence is not easy to judge. However, when suitable niceness conditions are imposed, an existence theorem can be proved. The reader should note that in the result below, triangulability of our manifolds is not required. (15) . RESULT 
(Gluck). Every locally flat knot (5 4 , X 1 ) is trivial (7).
Singular cohomology theory is used throughout this section. For any closed subset B C F, the following notions will be helpful. Define 
H«(B;G)-^H«(B;G),
induced from the inclusions i u \ B C [7, is an isomorphism for every q and abelian group G, the set B is taut (with respect to singular theory) in Y. There are several conditions under which B is taut. For example, if B is tame in F, it is taut in F; any embedding of a manifold as a closed subset of another manifold must also be taut. For tautly embedded sets we have the following Lefschetz duality theorem (14) .
DUALITY. If Y is an m-manifold and B is taut in F, then there is an isomorphism H q (Y -B;G) = H m~« (Y,B;G) for every choice of q and G.
We are now in a position to begin the proof of Theorem 4.1.
Proof of part (A).
Suppose that £ admits a Hopf spine a with codim(/3; a) = p + 1. Clearly, X(a) and Y (a) must be spheres of codimension p + 1, and deformation retracts of X(/3) and F(/3), respectively. Because of the results of Newman and Connell on the topological Poincarê conjecture in dimension greater than 4 (13) and our assumption of its validity in dim 3, 4, it will suffice to show that both X(f3) and 7(0) are homotopy spheres. We give the argument only for Y (13) , the other case being similar.
Since B( (3) is an embedding of S p as a closed subset of the manifold Y(f3), it is taut, and therefore the duality yields 
and F (a) = F(P), we obtain a fibering of manifolds a. We claim that a is a Hopf spine of 0 with codim (0 ; a) =
P+l.
Suppose for the moment that it has been shown that a is a spine of 0. Now, Y (a) is already a sphere of codim p + 1, therefore it is enough to show that X(a) is a sphere of codim p + 1 in X(/3). Now, X(a) is a deformation retract of X(j3), the map h A defines a homeomorphism of X(j3) onto S* 1 -S p , and S n -S p is deformation retractable onto £%_£_! c om p OS i n g these maps we see that X(a) has the homotopy type of an (n -p -1)-sphere. Therefore, by the Poincaré conjecture in dim ^ 5 and our assumption of its validity in dim 3, 4, X(a) must be a sphere of codim p + 1. It remains to show that a is a spine of 0. We first convert /3 into a fiber bundle by using the group of all self-homeomorphisms of the fiber F(P) in the compact-open topology as structural group. Then, noting that F(/3) is paracompact and that F (a) is a compact deformation retract of F(/3), direct application of the first covering homotopy theorem (16) guarantees the existence of a deformation retract r x such that the spine diagram commutes. The proof of sufficiency is therefore complete.
Proof of part (B)
. Suppose that /3 admits a spine a. We show that this must lead to a contradiction. Therefore, in particular, /3 does not admit a Hopf spine. As in the necessity portion of the proof of part (A) we have that both 
commute. Therefore, fi p+2 is a spine of fi and since X(fi p+2 ) = S n v 1 and Y(Pp + 2) = S m~v~l , fi must be a Hopf spine and the proof is complete.
We can now prove the following theorem modulo the Poincaré conjecture in dim 3, 4. Remark. Via local arguments, Timourian (unpublished) has proved that condition (1) of Theorem 5.2 is always satisfied, even if the tameness requirement is dropped from the hypothesis. In fact, Theorem 5.2 holds without any tameness whatsoever, as spectral sequence arguments show.
